Abstract. An element a of a ring R is called strongly J-clean provided that there exists an idempotent e ∈ R such that a − e ∈ J(R) and ae = ea. A ring R is strongly J-clean in case every element in R is strongly J-clean. In this paper, we investigate strong J-cleanness of M2(R; s) for a local ring R and s ∈ R. We determine the conditions under which elements of M2(R; s) are strongly J-clean.
Introduction
Throughout this paper all rings are associative with identity unless otherwise stated. We write R [[x] ], U (R), C(R), N il(R) and J(R) for the power series ring over a ring R, the set of all invertible elements, the set of all central elements, the set of all nilpotent elements and the Jacobson radical of R, respectively.
Following [7] , we define an element a of a ring R to be clean if there is an idempotent e ∈ R such that a − e is a unit of R. A clean ring is defined to be one in which every element is clean. In [8] , an element a of a ring R is defined to be strongly clean if there is an idempotent e ∈ R, which commutes with a, such that a − e is invertible in R. Analogously, a strongly clean ring is one in which every element is strongly clean. Chen [1] defines strongly J-clean rings. An element a ∈ R is called strongly J-clean provided that there exists an idempotent e ∈ R such that a − e ∈ J(R) and ae = ea.
A ring R is strongly J-clean in case every element in R is strongly J-clean.
Many variations of the notions of clean and strongly clean have been studied by a variety of authors and it is still a very popular subject.
The question of when a matrix ring M n (R) is strongly clean has been discussed by several authors (see [2, 1, 3, 4, 9, 11] ). Recently, Tang and Zhou [9, 10] completely characterized the local rings R for which the formal matrix ring M 2 (R; s) is strongly clean. In this article, we are motivated to investigate the strong J-cleanness of the formal matrix rings over a local ring.
Given a ring R and an element s ∈ C(R), the 4-tuple R R R R becomes a ring with addition defined componentwise and with multiplication defined
This ring is denoted by M 2 (R; s) in [10] . When s = 1, M 2 (R; s) is just the matrix ring M 2 (R), but generally M 2 (R, s) can be significantly different from M 2 (R) (see [10] ). Some properties of M 2 (R; s) were studied in [10] .
For s ∈ C(R), the 4-tuple R R R R becomes a ring with addition defined componentwise and with multiplication defined by
This ring is denoted by K s (R) by Krylov in [5] , and is discussed in [5, 6, 9] .
In our notation, M 2 (R; s) = K s 2 (R). By [10, Proposition 4] , for a local ring
In what follows, the ring of integers modulo n is denoted by Z n , and we write M n (R) (resp. T n (R)) for the rings of all (resp., all upper triangular) n × n matrices over the ring R. For s ∈ C(R), s : J(R) = {x ∈ R | sx ∈ J(R)} is denoted by J s (R). Note that J s (R) = J s 2 (R) for s ∈ C(R) (see [10, Lemma 10] ). For elements a, b in a ring R, we use the notation a ∼ b to mean that a is similar to b, that is, b = u −1 au for some u ∈ U (R).
For elements a, b in a ring R, we say that a is equivalent to b if there exist u, v ∈ U (R) such that b = uav.
Strongly J-Clean Elements
In this section, we consider the question of when M 2 (R; s) is strongly J-clean for a local ring R. We start with some useful results.
Theorem 2.1. [10, Theorem 11] Let R be a ring with s ∈ C(R). Then
Proof. It is straightforward.
Example 2.3. Let R be a ring.
(1) Every element in J(R) is strongly J-clean.
(2) u ∈ U (R) and u is strongly J-clean if and only if u − 1 ∈ J(R).
(3) a ∈ R is strongly J-clean if and only if 1 − a ∈ R is strongly J-clean.
Lemma 2.4. Let R be a ring with s ∈ C(R). Then A ∈ U M 2 (R; s) and
A is strongly J-clean if and only if
Proof. Assume that A ∈ U M 2 (R; s) and A is strongly J-clean. By Ex-
Lemma 2.5. Let R be a ring with s ∈ C(R) and let P ∈ U M 2 (R; s) .
Proof. Assume that A ∈ M 2 (R; s) is strongly J-clean. Then there ex-
Lemma 2.6. Let R be a local ring with s ∈ C(R) ∩ J(R). Then A n ∈ J M 2 (R; s) for some n ∈ N if and only if A ∈ J M 2 (R; s) .
Proof. Assume that A n ∈ J M 2 (R; s) for some n ∈ N and let A = a b c d
Then a n + s 2 * ∈ J(R) and d n + s 2 * ∈ J(R) by Lemma 2.2. Since R is a local ring and s ∈ J(R), we have a, d ∈ J(R). Hence, by Lemma 2.2,
Recall that an element a of a ring R is strongly nil clean in case there is an idempotent e ∈ R such that ae = ea and a − e ∈ N il(R). A ring R is strongly nil clean in case every element in R is strongly nil clean (see [4] ).
Note that this result shows that if A is strongly nil clean in M 2 (R; s), then
implies that A n = 0 ∈ J M 2 (R; s) for some n ∈ N.
Recall that an element a 0 0 b is called a diagonal matrix of M 2 (R; s).
Lemma 2.7. Let R be a local ring with s ∈ C(R) and let E be a non-trivial idempotent of M 2 (R; s). Then we have the following. 
"⇒:" Assume that A is strongly J-clean and both A,
and EW = W E. Since both A,
That is, there exists P ∈ U M 2 (R; s) such that P EP −1 = 1 0 0 0 . According to Lemma 2.5,
Lemma 2.9. Let R be a local ring and s ∈ C(R). Then A ∈ M 2 (R; s) is strongly nil clean if and only if one of the following holds:
Proof. It is similar to the proof of Lemma 2.8.
We now extend [1, Corollary 5.4] to M 2 (R; s).
Corollary 2.10. Let R be a commutative local ring with s ∈ U (R). Then
Proof.
. It is easy to check that A ∈ U M 2 (R; s) and
Lemma 2.11. Let R be a local ring and s ∈ C(R). Then A ∈ M 2 (R; s) is strongly clean if and only if one of the following holds:
"⇒:" Assume that A is strongly clean and both A, I 2 − A / ∈ U M 2 (R; s) .
As in the proof of Lemma 2.8, if s ∈ U (R), then we show that
and only if P AP −1 ∈ U M 2 (R; s) . This gives that B / ∈ U M 2 (R; s) and
Since R is local, we have v = v 22 ∈ 1 + J(R) and
Hence the following corollary is immediate.
Corollary 2.12. Let R be a local ring and s ∈ C(R). Then A ∈ M 2 (R; s)
is strongly clean if and only if one of the following holds: We now extend [1, Theorem 5.5] to M 2 (R; s).
Theorem 2.13. Let R be a local ring with s ∈ C(R).
is strongly clean if and only if one of the following holds:
Proof. Assume that A ∈ M 2 (R; s) is strongly clean. We may assume that and so J(R) is nil. By Lemma 2.6, for every A ∈ M 2 (R; s) with A, I 2 − A / ∈ U M 2 (R; s) if A is strongly nil clean, then it is strongly J-clean.
(2) ⇒ (1) Since J(R) is nil, it is obvious.
Lemma 2.15. Let R be a local ring with s ∈ J(R) ∩ C(R). Assume that
Proof. It is similar to the proof of [9, Lemma 5].
Theorem 2.16. Let R be a local ring with s ∈ J(R) ∩ C(R). Then A ∈ M 2 (R; s) is strongly J-clean if and only if one of the following holds:
(1) A ∈ J M 2 (R; s) , and t 2 − (u + w)t + (uw − s 2 v) has a right root in 1 + J(R).
We now prove the converse. If (1) or (2) holds, then A is strongly J- Since B / ∈ U M 2 (R; s) and I 2 − B / ∈ U M 2 (R; s) , B is strongly J-clean by Theorem 2.13. If (4) holds, we similarly show that B is strongly J-clean.
For a ring R, let a ∈ R, l a : R → R and r a : R → R denote, respectively, the abelian group endomorphisms given by l a (r) = ar and r a (r) = ra for all r ∈ R. Thus, for a, b ∈ R, l a , r b is an abelian group endomorphism such that (l a − r b )(r) = ar − rb for any r ∈ R. A local ring R is called weakly bleached [11] if, for any a ∈ J(R) and any b ∈ 1 + J(R), the abelian group endomorphisms l b − r a and l a − r b of R are both surjective.
Lemma 2.17. Let R be a local ring with s
and let
Proof. Assume that A(0) is similar to u 1 v w , where u ∈ 1 + J(R), v ∈ U (R), w ∈ J(R). That is, there exists a P ∈ U M 2 (R; s) such that
w(x) = t(x). It is easy to verify that u( show that A(x) is similar to
Theorem 2.18. Let R be a weakly bleached local ring with
The following are equivalent.
w ∈ J(R). Assume that A(0) is similar to u 1 v w . Then, by Lemma 2.17,
by Theorem 2.16, the equation
. we have only to show that the
holds if the following hold:
Let r 0 = α. Since R is a weakly bleached local ring, there exists some r 1 ∈ R such that
Further, there exists some r 2 ∈ R such that r 2 r 0 − (u + w − r 0 )r 2 = * .
By iteration of this process, we get r 3 , r 4 , · · · . Then
Let y 0 = β. Since R is a weakly bleached local ring, there exists some y 1 ∈ R such that
Further, there exists some y 2 ∈ R such that
By iteration of this process, we get y 3 , y 4 , · · · . This gives that the equation
Corollary 2.19. Let R be a weakly bleached local ring with
; s is strongly clean.
(2) ⇒ (1) By Theorem 2.13, we consider the following cases: 
(2) A ∈ U M 2 (R; s) if and only if det s (A) ∈ U (R). In this case, if
and tr(A) = tr(B). 
and so E = 0 ∈ M 2 (R; s).
This gives that ad ∈ J(R) and a + d ∈ J(R). Hence a, d ∈ J(R). Therefore (1) A ∈ J M 2 (R; s) ,
The s-characteristic polynomial t 2 − tr(A)t + det s (A) = 0 has a root in J(R) and a root in 1 + J(R).
Proof. "⇒:" We may assume that A / ∈ J M 2 (R; s) and I 2 −A / ∈ J M 2 (R; s) . 
